













































A crash course on the Superconformal Index
22 3 21 Costis Papageorgakis AMUL

Goal broad pictureIntroduce highlight properties of the SCI notcomprehensu

Outline Motivation
Some rep theory on structure of VIR
Definition for HD N 2 ScfTs
Limits of4D F a index with additional Susy
Applications Connections



Motivation
In SUS1 QuantumMechanics Witten Index counts
Susy ground states that do not pair up under
continuous deformations of the theory Susy preserving
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Innocent looking modification of the partition function

I Truly f EPH
is for SUS1 QM

fl spaceofStates a H o

f Fermionnumberoperator a H o

H Hamiltonian a Iy H

Consider 147 Such that It14 Ely
EH14 Italy E 47 for Eto



Bosonic fermionicStates with Eto linkedby Susy
Because of c if they cancelout in the index

TheWitten index is a robust quantity
can calculate withinteractions turnedoff and then itwillstill be accuratewhen theyare tanned n
Less information butmore control than partitionfunction

for the Supercentermale index Poincare
gsupercentermae

2
Roughly replace H aTay a s

Susyvacua short U 212 of theSCA



Some rep theory on structure of 02ns

The complete list of SCAs is known Forfieldtheories

D 3 OSP N14 D Sdn 01 Sol 2,3 N E 8

SU 2,21 N s so12,4 U N N 7 2,3
D 4 psu 2,214 s so 12,47 SUH

D 5 Osp 2,5 2 D Sol 2,5 Usp

D 6 Osp 2,612k D Sol 2,6 USP 2K K I z
Kac 77 Nahm 78



All States in an SCFT fall under U 2kg of the
corresponding SCA we can classify and build these

A SCA contains thefollowing generators
Lorentz M Poincare Susy Q
th symmetry the Superconformal Susy S
Dilatation D
Momentum P fermionic
Specialconformal Kr

bosonic



Dobrev PetkevaRepresentations are built as follows
µ nwapa.gg

85

start with a superconformal primary 147
Superconformal primaries 5147 0 1447 0
conformed primaries 144

Identify maximal compact bosonic subalgebra
Eg for HD NES

go FM IR
S U 2,2 2 D SOL2,4 uhh 3 soca 01 So 7 UCH

Superconformal primaries are in i i correspondence withhighestweightStatesofthis compact subalgebra 14 O M R w



Supercenformal descendants obtained by actingwith Q's
Conformal descendants obtainedbyacting with P's

is A basis for the representation space of the SCA is

givenby

IT Q ITp't I D µ r
kw 5 Generic longmuetiplef

Note Finite numberof superconformal descendants but
infinite number of conformal descendants short

However F examples for which IT0,10 µµj.w omaltiplet



How to classify these short multiplets
Systematic approach using Euclideanised versionof Sca

We willbe working w ScFTs in flatspace Euclideansignature
and in radial quantisation
In Euclidean version thegenerators are not hermitian

pt K and at S K P L MTD QSYLMtp112
Unitarity needs to be imposed V states NullStates are removed
and multiple is short Leads to shortening conditions

E g Il Q10inpigwith to M121 SAID ae rjw M10112 0

ED MD MTD11210m r5w



Comments

This is sufficient to completely classify all users
for SCAs relevant for field theory
One can also explicitly construct them

4D F 2 F 4 LDolan Osborn 02

5D GD Buican Hayling C P 16

All 3D GD Co'rdova Dumitrescu Intviligator 16

Simple short multiplets are Vectorshypers currents etc

SCA constrains what can happen butdoesnot saywhat will happen



Definition for 4D MEL ScFTs

We can finally define the superconformal index
Pick an SCFT SCA Remelsberger 05

pick one supercharge and construct metMaldacenaMinwall
qjzaj

I TreeC if e P Easy
Spaceof local quantumoperators

Bosonic fermionic States forwhich Q Sb14 0
pairwise cancel Those with a 5 14 S D

belong to short multiplets of the sea



ts
Like forWitten index sometimes under continuousdeformations
shortmultiplets recombine into longones
These are known v a recombination rules
The superconformalindex doesnot receive contribution from
such combinations

oE g L A B then I lit I even when C 0

Theindex is a numberand cannotchange continuously

Not all states in a shortmultiples contribute to theindex

Representations of SCA are infinite dimensional sonaive index
diverges Refine the index



for the maximal refinementwe can use maximal set of SCA

generators or their linear combinations that commute
with Q and S Commutant of SCA

E g Say that the combatant is Ci ca C then

the refinedindex willbegiven by
P exp l BUp

I Treye if e tha plight q expC Page
I t
fugacities t e pl put

Note One can perform additional upuq ut chemical
refinements w symmetries that Potentials

are not part of the SCA



Focus on 40 f 2 for concreteness

SCA is SU12,212 s soca so
CordeleRastelli RatayqtYang

so1271054272 Such SUCHq Ud IrQuantumnumbers O Ji Ja th r

There are also 4 Pi 4kt 4 Q 4Taz'd 4 5 d 4525thEspy 53 Minis IgokD or pen 12 12 a I I
construct the index using E and E I 5
These commute with the maximal set n

S1 D 12J ZR r 8z D h's 212 r Sa D 12 sa 1212 r

8 1 2 Qi s 821 202 1,5 3 Taj EEE 54g



So we define the refined index via

14,6 e True f e PEE 5 fast gtasietaf.it
f Is

Notes We couldhavedefined I w r t any other superchargeThecommuting subalgebra isdifferent butthe final answer for Tn
remains the same

Note q The indices for differentSCAs butforthe same theory are
different E.g the F 4 index for F 4Stoy
is differentfrom the N z index for F 4 Still



This is all great buthowdo we calculate
One could do this if one knew he

for theories with a marginaldeformation 7 a great
simplification Evaluate theindex in free limit
and we are guaranteed it doesn'tchange at any other
value of the coupling

Caveat There could be a discrete jump as one goesfrom
zero to smallbut nonzero coupling



For Lagrangian theories things are now

looking better

fl comprises the set of all local operators that one
can construct from free fields fields appearing in

Lagrangian
Each field is a letter while

the composites they build are words

Index over letters is known as the

single letter index ict



Equations of motion obeyedby freefields are
relations between operators and contribute to the index
with oppositesign

The index over all words can then be obtained

via the Plethystic exponential
A

Ict PE Lift exp EE filth

Finally in a gauge theory we want to consider

gauge invariant operators i e gauge singlets



Append a group character in the appropriate

representation Rj for the single letter index

i e Xp U with U an elementof the

gauge group

Characters obey theorthogonality property

J uJXtjglU7Xpi61_8ppiandalsoXr.xo
aa Xr Xr

E unitnormalised Haan measure



Therefore f D x'Taco IIXr.lu Ya
numberof thereps in th Rio Ru

and to keep track of thenumberof gauge singlets
employ theabove for x'flu L

Wehave arrived at the final expression of index for

gauge theories with a marginal coupling
A

Ict 7 160 PE Litt ul Kev exp LZ hitth.cin I



is E q for the N z index of f 4 still
F

shypermuetipletIF4_fuJP.E foul6 f e tiac6 ge XadjluD

multiplef 2 vector

and so on for other ScFTs

Note In practice difficult to perform gaugeintegral
exactly Either low rank or largeN or expand
orderby order in fugacities



Limits of 4D F 2 index with additional Susy

There are interesting fugacity limits one can consider

The F a index wasgiven by

14,6 e True f e PEE 5
p28 gtasi

etaf.iqE e Y f e D Isa za r

Multiples that contribute are annihilated by Q
They are 118 BPS



Macdonald limit 6 70 f e fixed

only states obeying both of If contribute

Im Tree If e P D12J 2K r l g'T D bi Th rezloiznxjz.my

These multiples are annihilated by both E Q

and are 114 BPS



Hall Littlewood limit 6 o p o fixed

IHL Trfefl FEB lotion za r Esto
th

Themultipletscontributing are annihilated by

Q H Q OT cand obey

j e j ger D 212th

For Lagrangian linear quiver theeries the HL index
coincides with the Higgs branch Hilbert series



Schur limit f e G fixed

one finds that

Is Tryc if e
B O 252 212 7gtld12in 2K r

go
j z

It turns out that the combinationsof charges commutes
notonly with 0T but also Q it

Is is independent of both Band 6 and

Is True IFe B
O 252 2kt gtld12s 2k r

g
o Ry



Coulomb branch limit e o f 6 fixed

Ic Trenet f ERLE a 2kmgtfo12in 2K r
g'z

o cj 22 r

Multiplets contributing are annihilated by both OT

Hypermaltiplets do not contribute in this limit
o

y Similar limits can be found for other indices

Many instances where only such limits can be
calculated because
We have knowledgeof the spectrum of contributing ops
for technical reasons calculations are tractable



Applications Connections

Index is invariant under continuous deformed.ro
Such as marginal couplings
check for strongweak dualities Adsl CFT

Kinney Maldacena MinwallaRaju 05

Similarity for theories relatedby 126 flows as long
as the symmetries involvedin its definition survive

Checket IR dualities in4D Dolan Osborn 108
Dualities in 3D



Someof these calculations are done using thefollowing connection
D OperatorStatelocaloperators in 112

map States in the theoryflat space Euclideamised 4
on SD StpCFT in radial quantisation in

TreeePH g y e
seey

SOLD 50127

J DE y e
SEEx y

with Periodic

Trenet fEPH b c's for the
fermions

Easy PhiMi
Trenet life e s with 11 At Nini M



For Lagrangian theories these P 2 s can be
evaluated exactly using Susy localisation

Note There are many Susytheories on 5 5 which are

not centermal The P 2 can also be evaluated
in those cases using localisation but it does not
correspond to the index



7 an isomorphism between the Schur sector

of HD N _2 Scfts including non Lagrangian and

a ZD chiral algebra Beem Lemos Liendo

scum index
III i

if Use this to evaluate
many indices for non Lagrangianvacuum character in 2D theories

Also other options using Tafts for class S


