
 

Lontilectures on syk and the emergence
of spacetime

Lecture 3 the SYK model

For this lecture we will forget about what we know

about gravity and study a problem in quantum
mechanics Aid see the emergence of spacetime

TODAI Define study the 54k model

Compute two point functions in the large N
limit

See the emergence of the Schwarzian

theory in the IR

The Sachdev Ye Kitaev model

Simple finite quantum mechanical theory involving
N Majorana fermions

3 1 I Majorana fermions in QM

Yi I 1 N Majorana 4i 4 dig
Yet Yi i j di in

We will work in Euclidean signature again and so we

need to find representations of this Clifford algebra



There's a simple way
of finding them

Let's define
c Yai ti ti

y
i s ok

N 2k is even
we assume

at Kzinti Yai

These ones satisfy the usual fermionic anti commutation

relations a Cj cit.ci 0 Ci Cj 8ij

So now we know how to build a rep of this We

choose a vacuum annihilated by all the ci lo o

a basis for this representation is given
by et eat at lo na out

How many slates do
we have each ni can be

0 or I and we have k of them 2k 2Nd
It is possible to prove that this is the only
irep up to unitary equivalence

Note Hilbert space grows exponentially with N

What are these fermions We can build them recursively

Start with N 2 4 D 9 8
Paulimatrices

42 966 196
Oz 8 For any K 447 44 89

fi in n 2 Unit Im Pt

Yy Izu E



Basically eachfermionisaznkx2nkmatri.vn
mention Kolya's lecture

E1
Ht show that N 2 4 Satisfy the Majorana

condition

II computationally create the Neo representation
What is the largest n you can get

The 54k Hamiltonian

Hsyu i.FI ijneYi4j4itd

diff colours
diff couplings

But we do all possible interactions
between groups of 4 these are called

all to all couplings

Hy show that the number of independent couplings
needed is Iffy and in the large N it grows

as II



So Asya is also a 2 2 2 2 matrix

But I am missing a key ingredient what are the

Jijke

We will choose the couplings randomly from a

Gaussian ensemble with mean to and variance

6 Big
tee

J is fixed and has dimensions
of energy
B is normalisation but the scaling with N will be
important to have a proper large N limit

of course couplings will be arbitrary so instead

we will average over all possible realisations of

the model even though the model is self
aveniging so in many cases it is
not necessary

At an operational level choose random couplings

compute whatever you areinterested in computing
Choose another set of
couplings
Repeat o

Compute an average over
all results

caution say you want to compute log Z



what do you do log Z or

more complicated log 227involves usually
a replica trick d

annealed disorder

But For syn at large N both approaches give
the same result so we will do annealed

disorder for the rest of the lecture

Finally the number of fermions in the interaction
is arbitrary so sometimes it is convenient to

talk about the g 54k model

ftp.i 2J i

g
Analitically solvable when goes
9 2 is fermions with random masses not chaotic

3.10 The Energy spectrum of Asya

Hw Disgonalise the Asya and plot the eigenvalue

in a histogram compare all g's w 9 4

Plots
referencewait É massesclose to the

ground state

long tail for 1 2 integrable model



Lastcomment we can compute now 2pt functions

e g 24 4 o
p Tofte't 4 e

th
Yi

It's just matrix multiplication Trace
see Kolya's lecture

30 Solving the 84k model in the large N limit

Two ways Diagrammatic expansion
Path integral

Nowweforgetaboutmatrices and we treat SYR
25 a Ott d QFT

so it is better to work in the action formalism

ssm f.de Z4i24itZe444
We also need to add disorder

Z I fatigue e
25k

Joy e
Sue

i serene
Yi 4 8ij Gifree e I Sij sign e

I 2 Gite tSgnED
Time ordered apt function Anti symm because fermions



Gifree w fide eine Gifree e gig
Propagatorandvertices For each realisation of the

model we have

teepropatteryantveria

consider Jijne as a field but with no free propagation
zero Ipt function and

Jerez

Now we can start doing diagrams

First contribution vanishes Jone 0

Next diagram is the melon

FM
31

3
Ji izJj Jj Sainzde lz GatzGunz

Gjjz
3 5g Gtf Gfi Gentedi

Does not

seagyyth 31 5214 G
free

Ji iz



I
53 will vanish again so we can go to 54

Jg di iz IIIsdeal2

g ygi
83124 disjydusky

Glee GunzGjajz

GIGI
Jg diniz Gite Jerez81314 Genl Geely

Getzlafd feels

I fine 6 9 J NE

Hw
is subleading in the

large N expansioniii

Izsimilar to planar limit in Suen



Conclusion In the large n limit only melanic
diagrams contribute

note the importance of the n scaling in

the variance

Now let's write down the two point function
expansion

Gce t

t t

I t A A t

Q
at

self energy

We would like to write these diagrams as equations
But we need to be careful G z ez are bilinear functions

ICE 22

multiplication is like matrix multiplication
A B Cie Sde Ale E BCC T

A B E Air Bag



the 1st line reads

G Gfree Goree z Gree t 682Gt z Gt t

Gfree It 268 268268 t

Gb It 2 GbJ G E EG Eg
G Gee t 2

t
But we know Goree s

Ski Dre

We usually write this equation as

6 2 2
7

EH

These gs are called Schwinger Dyen SD

equations
We managed to solve the theory at large N
at all orders in J

of course we still need to solve these gs
but it is already important that we found such

efs to start with usually it is notthe case
in QFT


